Theorem 1.6. (Bogomolov [Bo] ) Let p be any prime number, k be any algebraically closed field with char k = p. There is a group G with order p 6 such that K(G) is not rational over K.
Moreover, Hoshi, Kang and Kunyavskii [HKK, Theorem 1.12] proved recently that if G is a group of order p 5 which belongs to the isoclinism family Φ 10 , then K(G) is not rational over K.
Let G be a group of order p n for n ≥ 2 with an abelian subgroup H of order p n−1 .
Bender [Be2] determined some properties of these groups.
We introduce some notations now. The cyclic group of order n we denote by C n .
The subgroups G (0) = G and G (i) = [G, G (i−1) ] for i ≥ 1 are called the lower central series of G. Denote H p = {h p : h ∈ H}. Assume that H is decomposed as a product of abelian groups in the following way: H ≃ (C p ) k × C p i 1 × C p i 2 × · · · × C p i t for 1 < i 1 ≤ i 2 ≤ · · · ≤ i t , k ≥ 1 and k + i 1 + i 2 + · · · + i t = n − 1. Let α j the generator of the factor C p i j (for 1 ≤ j ≤ t). Choose arbitrary α ∈ G such that α / ∈ H. Define the groups H j = α −x α j α x : 0 ≤ x ≤ p − 1 for 1 ≤ j ≤ t. In the following Proposition we find a necessary and sufficient condition for the decomposition of H as a direct product of normal subgroups of G of the type C p b × (C p ) c .
Proposition 1.7. Let p be an odd prime, let n ≥ 2 and let G be a group of order p (1) The p-th lower central subgroup G (p) is trivial;
(2) For any j : 1 ≤ j ≤ t we have
In the following main result we investigate Noether's problem for these p-groups.
The key idea to prove our result is to find a faithful G-subspace W of the regular representation space g∈G K · x(g) and to show that W G is rational over K. The subspace W is obtained as an induced representation from H. We apply a method from [Ka1] to find this representation and then by various linearization methods we reduce the problem to verifying some combinatorial identities. 
K contains a primitive p e -th root of unity. Then K(G) is rational over K.
Notice that Theorem 1.10 is a generalization of [HKK, Theorem 4.1] , where is shown that K(G) is retract rational over K for any group G that belongs to the isoclinism family Φ i where 1 ≤ i ≤ 4 or 8 ≤ i ≤ 9.
We organize this paper as follows. In Section 2 we recall some preliminaries which will be used in the proof of Theorem 1.8. We prove Proposition 1.7 in Section 3. The proofs of Theorems 1.8 and 1.10 are given in Sections 4 and 5, respectively.
Generalities
We list several results which will be used in the sequel. 
(ii): the restriction of the action of G to L is faithful;
where 
Finally, we give a Lemma, which can be extracted from some proofs in [Ka2, HuK] .
Lemma 2.4. Let τ be a cyclic group of order n > 1, acting on L(v 1 , . . . , v n−1 ), the rational function field of n − 1 variables over a field L such that
Proof.
. . , w n ) with w 1 + w 2 + · · · + w n = 0 and (1) and (2) from the statement are satisfied.
Put
In this way, we see that without a loss of generality, we may assume that β 1 is not normal in G, and in particular β 1 is not central (i.e., k ≥ 2).
We are going to show now that the order of β 2 is not greater than p.
From [β j , α] = β j+1 it follows the well known formula
where we put β k+1 = · · · = β p+1 = 1. Since α p is in H, we obtain the formula
Hence (β 2 · j =2 β a j j ) p = 1 for some integers a j . This identity clearly is impossible if the order of β 2 is greater than p.
It is not hard to conclude now that
that the elements of H 1 are not p-th powers of the elements from H 2 · · · H t , since
. Furthermore, we can adjust the generators of H 2 , . . . , H t so that
With similar changes of the generators we can treat the more general case [α
Proceeding by induction we will obtain
are normal groups of the type (C p ) a and H 1 , . . . , H t are normal groups of the type
Suppose that G (p) = {1}. Then we can assume that there exist β 1 , . . . , β p+1 ∈ H 1 such that [β j , α] = β j+1 , where 1 ≤ j ≤ p and β p+1 = 1. (We again assume that β 1 is the generator of the factor of the type C p b .) From the identity (3.1) it follows that
Hence β 2 will have an order bigger than p, which is a contradiction. Therefore,
x ] is of order not less than p 2 , so H j can not be of the type
Finally, consider the general case when α j is decomposed in an unique way as a product of elements from some normal factors N i and
From the uniqueness of the decompositions of [α j , α x ] and β as products of elements from the normal factors, it follows that we can reduce this general case to the particular case we just considered. We are done.
Proof of Theorem 1.8
If char K = p > 0, we can apply Theorem 2.3. Therefore, we will assume that char
Denote by β 1 the generator of the direct factor C p i 1 and put k = k 1 . Then there exist β 2 , . . . , β k ∈ H 1 such that [β j , α] = β j+1 , where 1 ≤ j ≤ k − 1 and β k = 1 is central.
We divide the proof into several steps. We are going now to find a faithful representation of G.
Step 1. Let V be a K-vector space whose dual space V * is defined as
of unity and let ζ be a primitive p-th root of unity.
It follows that
is a representation space of the subgroup H 1 . In the same way we can construct a representation space V j of the group H j for any j : 2 ≤ j ≤ s.
Therefore, 1≤j≤s V j is a representation space of the subgroup H.
In the same way we can construct the induced subspaces W j obtained from V j . We find that W = 1≤j≤s W j is a faithful G-subspace of V * . Thus, by Theorem 2.1 it suffices to
show that W G is rational over K. * If β 1 is central, i.e., k = 1 we simply do not have β j and Y j for j ≥ 2. The proof remains valid, however.
Next, we will consider the action of G on W 1 .
Step 2. For 1 ≤ j ≤ k and for 1 ≤ i ≤ p − 1 define y ji = x ji /x ji−1 . Thus
is invariant by the action of G, i.e.,
Since K contains a primitive p e -th root of unity ζ p e where p e is the exponent of G, K contains as well a primitive p a j +1 -th root of unity, and we may replace the variables
so that we obtain a more convenient action of α without changing the actions of β j 's. Namely we may assume that
We have the following actions
, and put v k1 = u k1 .
With the aid of the well known property , it is not hard to verify the following identity
where A k is some monomial in y ji for 2
It is obvious that we can proceed in the same way defining elements v k−1i , . . . , v 2i
such that β j acts trivially on all v mi 's and the action of α is given by
where A m is some monomial in v 2i , . . . , v m−1i for 3 ≤ m ≤ k and A 2 = 1. In this way we obtain that K(y 1i , v ji ) = K(y ji ) H 1 .
We will "linearize" the action (4.2) applying repeatedly Kang's argument from [Ka2,  Case 5,
Step II]. (Note that the linearization of α on y 1i 's follows from Lemma 2.4.)
Step 3. We write the additive version of the multiplication action of α in formula 
, the ring of p-th cyclotomic integer. As Finally, we interpret the additive version of M ≃ ⊕ 1≤j≤k N j ≃ N k it terms of the multiplicative version as follows: There exist w ji that are monomials in
According to Lemma 2.4, the above action can be linearized. Since H ≃ H 1 × · · · × H s for some normal subgroups H j of G, we obtain that W H is a K-free compositum of fields having a linear action of α. Therefore, W G is rational over K. We are done.
Proof of Theorem 1.10
All groups from family 1 are abelian, so we may apply Theorem 1.1.
For the groups that are direct product of smaller groups (contained in families 2 and 3) we may apply Theorems 1.9 and 2.5.
The groups Φ 2 (41), Φ 2 (32)a 1 , Φ 2 (32)a 2 and Φ 8 (32) are metacyclic, so we may apply Theorem 1.2.
The group Φ 2 (311)b contains a normal subgroup
For all these groups we may apply Theorem 1.8.
The group Φ 3 (311)a contains a normal subgroup
We may again apply Theorem 1.8.
In the same way, we see that Theorem 1.8 may be applied for the groups Φ 4 (221)a, Φ 4 (221)b, Φ 4 (2111)a, Φ 4 (2111)b, Φ 4 (2111)c and Φ 4 (1 5 ), because each group contains
Similarly, for p ≥ 5 each group from family 9 contains a normal subgroup α 1 , α 2 , α 3 , α 4 ≃ (C p ) 4 . For p = 3 each group from family 9 contains a normal subgroup α 1 , α 2 , α 3 , α 4 ≃ C 9 × C 9 .
Thus it remains to consider the groups Φ 4 (221)c, Φ 4 (221)d r , Φ 4 (221)e, Φ 4 (221)f 0 , Φ 4 (221)f r (for any odd p) and the groups from family 9 for p = 3.
Let G be any of these groups and let
be a primitive p 2 -th root of unity, and let ζ = ζ p p 2 . We may find Y 1 , Y 2 ∈ V * such that
Note that for the groups from the family Φ 4 we have the relations
From now on we are going to consider each group individually.
Case I. G = Φ 4 (221)d r . Let ℓ be an integer such that kℓ ≡ 1 (mod p). Hence
We have the actions
G-subspace of V * . Thus, by Theorem 2.1 it suffices to show that W G is rational over
α 1 ,α 2 and the action of α on U i and V i is
it follows that the action of α on K(W 1 , . . . , W p−1 , Z 1 , . . . , Z p−1 ) can be linearized. It remains to apply Theorem 1.1.
Case II. G = Φ 4 (221)c. The actions of α 1 and α 2 on u i and v i (we keep the notations from Case I) are
These actions are the same as in Case I, so we may apply the same proof.
Case III. G = Φ 4 (221)f 0 . Let µ be an integer such that µν ≡ 1 (mod p). Then
The actions of α 1 and α 2 on u i and v i are
These actions are almost the same as in Case I, so we may apply the same proof.
Case IV. G = Φ 4 (221)e. Let s be an integer such that (−1/4)s ≡ 1 (mod p). Then
1 . The actions of α 1 and α 2 on u i and v i are
We have now
We may apply again the proof of Case I.
Case V. G = Φ 4 (221)f r . The proof is the same as Case IV.
Case VI. G = Φ 9 (1 5 ) for p = 3. Calculations show that we have the following
Hence we obtain the actions
9 y 1 , y 2 → ζ 9 y 2 , α :
where ζ 9 is a primitive 9-th root of unity and ζ = ζ 3 9 is a primitive 3-th root of unity. We find that
by Theorem 2.1 it suffices to show that W G is rational over K.
1 , and the actions of α 1 , α 2 and α on K(u 1 , u 2 , w 1 , w 2 ) are
, and the actions of α 1 , α 2 and α on K(u 1 , u 2 , V 1 , V 2 ) are
α 2 , and the actions of α 1 and α on K(U 1 , U 2 , W 1 , W 2 ) are
, and the actions of α 1 and α on K(ũ 1 ,ũ 2 ,ṽ 1 ,ṽ 2 ) are
2 ) −1 . Hence α(w 2 ) = (w 1w2 ) −1 . According to Lemma 2.4 the action of α on K(w 1 ,w 2 ,ṽ 1 ,ṽ 2 ) can be linearized.
Case VII. G = Φ 9 (2111)a for p = 3. As we have shown in the proof of Theorem 1.8, when α p ∈ H, we can easily find proper substitutions so that we may assume α p = 1.
Apply Case VI.
Case VIII. G = Φ 9 (2111)b r for p = 3. Calculations show that we have the following relations:
Hence we obtain the actions α 1 : x 0 → ζ 9 x 0 , x 1 → ζ 9 x 1 , x 2 → ζ −2 9 x 2 , y 0 → y 0 , y 1 → ζ 9 y 1 , y 2 → ζ −4 9 y 2 , α 2 : x 0 → x 0 , x 1 → ζ −1 x 1 , x 2 → ζx 2 , y 0 → ζ 9 y 0 , y 1 → ζ 4 9 y 1 , y 2 → ζ 4 9 y 2 , α : x 0 → x 1 → x 2 → x 0 , y 0 → y 1 → y 2 → y 0 .
We find that W = ( i K · x i ) ( i K · y i ) ⊂ V * is a faithful G-subspace of V * .
Thus, by Theorem 2.1 it suffices to show that W G is rational over K. 1 , and the actions of α 1 , α 2 and α on K(u 1 , u 2 , V 1 , V w 2 ) are
Define U 1 = u 3 1 , U 2 = u 2 /u 1 , W 1 = V 1 /u 1 , W 2 = V 2 /u 2 . Then K(U 1 , U 2 , W 1 , W 2 ) = K(u 1 , u 2 , V 1 , V 2 ) α 2 , and the actions of α 1 and α on K(U 1 , U 2 , W 1 , W 2 ) are
Defineũ 1 = U 2 ,ũ 2 = (U 1 U 2 2 ) −1 ,ṽ 1 = W 1ũ1 ,ṽ 2 = W 2ũ2 . Then K(ũ 1 ,ũ 2 ,ṽ 1 ,ṽ 2 ) = K(U 1 , U 2 , W 1 , W 2 ), and the actions of α 1 and α on K(ũ 1 ,ũ 2 ,ṽ 1 ,ṽ 2 ) are Finally, definew 1 =Ũ 2 ,w 2 = (Ũ 1Ũ 2 2 ) −1 . Hence α(w 2 ) = (w 1w2 ) −1 . According to Lemma 2.4 the action of α on K(w 1 ,w 2 ,ṽ 1 ,ṽ 2 ) can be linearized.
